The purpose o f this paper i s t o evaluate t h e accuracy with which t h e location o f turbulent separation c a n be predicted o n two-dimensional a n d axisymmetric bodies. T h e evaluation w a s made b y studying a considerable number of flows that had separation. Calculated separation points were compared with the experimentally measured location. Four methods of predicting separation in turbulent flow were evaluated. They were Goldschmied's method, Stratford's method, Head's method, and the Cebeci-Smith method. It was concluded from the study that the last three listed methods predict separation points with the reliability and accuracy needed for aerodynamic design purposes. 
J. AIRCRAFT VOL. 9, NO. 9 The purpose o f this paper i s t o evaluate t h e accuracy with which t h e location o f turbulent separation c a n be predicted o n two-dimensional a n d axisymmetric bodies. T h e evaluation w a s made b y studying a considerable number of flows that had separation. Calculated separation points were compared with the experimentally measured location. Four methods of predicting separation in turbulent flow were evaluated. They were Goldschmied's method, Stratford's method, Head's method, and the Cebeci-Smith method. It was concluded from the study that the last three listed methods predict separation points with the reliability and accuracy needed for aerodynamic design purposes. o r turbulent) will separate from the surface of a specific body. If it does, it is also necessary t o know accurately where t h e flow separation will occur. This is quite important in many design problems.
Calculation of Separation Points in
Received July 6, 1971; revision received June 5, 1972 A s a result of the presence of the time mean of the fluctuating quantities appearing i n t h e governing equations, a n exact solution o f the boundary-layer equations for turbulent flows is impossible. Consequently, when the equations are solved with some suitable assumption for these quantities, the solutions contain empiricism, and must be checked against experiment.
The current prediction methods on the subject can be divided into t w o groups. I n o n e group a r e methods that require the detailed solution of the boundary-layer equations. These methods are either of differential type (meaning that partial-differential equations a r e solved) o r o f integral type (meaning that momentum integral o r energy integral equations are solved). Reference 1 presents a critical evaluation of these methods for two-dimensional incompressible turbulent flows. In differential methods, the parameter used to predict the separation point is the zero wall shear stress. In integral methods, on the other hand, the shape factor H = S*/d is usually used t o locate t h e separation point. I n integral methods, a s t h e flow approaches separation, t h e value o f H increases. Separation of the flow is assumed to occur when H reaches a value between 1.8 and 2.4. In some cases, § however, the value of H increases rapidly near separation, and then begins to decrease. Then, the point corresponding to the maximum value of His taken as the separation point. § These cases correspond to flows, for which the calculations are made using an experimental pressure distribution.
In another group are methods that do not require detailed boundary-layer calculations. Separation is predicted by simple formulas, o r b y simple differential equations that a r e very fast and easy to apply. These methods also utilize t h e composite nature o f t h e turbulent boundary layer. F o r example, Stratford 2 divides t h e turbulent boundary layer into inner and outer regions and bases his analysis on two assumptions: 1 ) i n t h e outer region, t h e pressure forces cause a direct reduction i n dynamic head a n d 2 ) i n t h e inner region, the pressure force is balanced by the shear-force gradient. Goldschmied's method also treats the boundary layer consisting of inner and outer regions. His analysis is based on the assumptions of inner-region similarity under any pressure gradient, a n d o f a constant total-head line a t a fixed distance from t h e wall. In this paper, we report the accuracy of several current methods for predicting the turbulent boundary-layer separation point.
I 9 -10 However, the accuracy of these methods is similar to that of Stratford's, and so the methods are not considered i n detail i n this report.
Stratford's method i s based upon t h e idea o f dividing t h e boundary layer into outer and inner portions. It follows the principles successfully adopted for laminar flows. According to this method, separation for turbulent boundary layers i s predicted from t h e following expression
The above expression applies for an adverse pressure gradient flow starting from the leading edge, as well as fully turbulent flow everywhere. When there is a region of laminar flow, or a region of turbulent flow with a favorable pressure gradient, Stratford makes the assumption that at the minimum pressure point x = x m the velocity profile is approximately that o f a flat-plate turbulent boundary layer starting from a false origin x = x'.
• I n this case, w e replace x b y (x -x') in (7), and take the value of R x as u m (x m -x')lv. Then x m -x' is given by 5 With the expression given by Eq. (8) 
Comments on the Four Methods
In the previous section, we presented a brief description of t h e fluid mechanics aspects o f t h e four methods. O f these, Goldschmied's method is the simplest one to use. This method takes into account some of the earlier history of the boundary layer, since c fm depends o n t h e flow history. After the minimum pressure point is passed, details of the flow are ignored. Consider Fig. 1 T h e partial differential equation method such a s t h e C S method also responds to full details of the pressure history. Furthermore, i t predicts equilibrium flows correctly, although that problem is more difficult than predicting nonequilibrium flows.
In summary, then, the four methods have the following features: 1) Goldschmied: only sets a separation C p level, a n d takes no account of the shape of the pressure distribution. 
T h e Problem o f Predicting Separation from Experimental Data
T h e general methods o f calculation have been described, a n d some of their basic features have just been summarized. But still another problem needs discussion-the use of experimental pressure distributions. To evaluate the accuracy of predicting separation points, w e must examine experimental data where the flows do separate. Otherwise, there is no base for assessment. Typical separating flows have a peculiar pressure distribution function. The pressure distribution flattens out because of the separated region. The effect is shown in Figs. 2, 5, 10, and 11, among others. After a short transition region, t h e pressure becomes essentially constant.
I n performing boundary-layer calculations, this is perceived a s a flat-plate flow. Therefore, boundary-layer methods m a y o r m a y n o t predict separation, depending o n whether they have an optimistic or a conservative basis.
Examination of the region of transition between the variable pressure region and the constant pressure separation region shows that i t i s short. See, f o r example, a = 12°, Fig. 11 . The boundary-layer equations legitimately apply t o some place within t h e transition region. B u t beyond this point the equations do not properly apply, and furthermore, separation is not likely to be predicted. To avoid this dilemma, w e a n d others attacking this problem simply extrapolate the pressure distribution following the guidelines given by inviscid theory. Extrapolation is done graphically, b u t errors should n o t b e great, because t h e transition region is generally short. The flow is so near separation by the time the extrapolation is commenced that any reasonable extrapolation will give nearly t h e same location o f separation.
T h e extrapolation would have, t o appear absurd before significant changes would occur.
Then, given this extrapolated pressure distribution, what do we find? If separation is clearly predicted before the start of the transition region, we have a poor prediction, because obviously the flow did not separate in that region. Predictions made using t h e arbitrary extrapolation o f pressure distribution are found to agree well with experiment. Furthermore, for the CS method, the minimum in c f occurs at about the same point. A typical extrapolated pressure distribution and the accompanying c f calculations are shown in Figs. 2 and 3. It is seen that the c f obtained from following the experimental pressure distribution has its minimum at very nearly the same place where c f = 0 for the extrapolated case. A large number of studies of this sort showed good agreement. Hence either method i s acceptable: t o look f o r t h e minimum value o f c f using t h e measured pressure distribution, or to look for the point where c f = 0, using an extrapolated pressure distribution.
The same problem occurs regardless of the method that is used, a n d t h e treatment i n terms o f H, etc., i s similar.
T h e problem o f relaxing pressure does n o t normally occur f o r inviscid flows.
I n a n y case, i t i s assumed that a l l t h e knowledge available is used. It will be shown now by a number of examples that separation points for arbitrary experimental flows can be predicted well. That being so, we can state that separation points on theoretical inviscid flows can be predicted a s well.
Comparison of Calculated and Experimental Separation Points
I n this section, w e will consider several experimental pressure distributions which include observed or measured boundary-layer separation, a n d apply t h e four separationprediction methods discussed previously t o these pressure distributions. It is important to note that near separation, the behavior of these methods with an experimental pressure distribution is quite different from that with an inviscid pressure distribution.
T h e pressure distribution near t h e point of separation may be a characteristic of the phenomenon of separation, and inclusion of it in the specification of the flow is equivalent to being told the position of separation.
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For this reason, use of these separation-prediction methods with an experimental pressure distribution will only show their behavior close to separation, and indicate whether the theoretical assumptions used in these methods are selfconsistent. When o n e considers a n experimental pressure distribution with separation a n d uses t h e C S method, i t i s quite possible that the wall shear stress at the experimental separation point may not reach zero. It may decrease as the separation is approached, and may start to increase past the separation point. Similarly, the shape factor H in Head's method m a y n o t show a continuous increase t o t h e position of separation. Depending o n t h e pressure distribution which is distorted b y t h e separation flow, t h e shape factor m a y even start t o decrease after a n increase. A l l that c a n b e learned from a study such a s t h e o n e conducted here i s h o w these methods behave close t o separation, a n d whether they predict an early separation or no separation at all.
While there is much good data available for comparing calculated separation points with experimental separation points f o r two-dimensional bodies, there i s n o t much good data for axisymmetric bodies.
In this study, we have tested the previously-discussed separation prediction methods for a large number of twodimensional flows. However, only a few cases are considered for axisymmetric flows. During t h e study, i t became necessary t o make certain assumptions i n applying Goldschmied's method. According to this method, it is necessary to calculate t h e local turbulent skin-friction coefficient a t t h e minimum pressure point.
I n t h e cases studied here, however, t h e flow is generally laminar at the minimum pressure point and becomes turbulent downstream of that point. I n t h e calculations, t h e transition point w a s assumed a t x/D = 1.25. Figure 2 shows the results. It is interesting t o note that while three methods predicted separation, t h e fourth method (Goldschmied's), d i d n o t predict a n y separation. Figure 3 shows a comparison of calculated and experimental local skinfriction values.
T h e calculations were made by using the CS method. When the experimental pressure distribution w a s used, t h e local skin-friction coefficient began t o increase near separation because o f t h e pressure distribution which was distorted by the separating flow. However, when the calculations were repeated by using an extrapolated velocity distribution which could be obtained by a n inviscid method, t h e skin friction went t o zero a t x/D = 2.82.
Figures 2 a n d 3 a r e convenient t o illustrate t h e difference in treatment between experimental a n d theoretical pressure distribution data.
A s shown in Fig.  2 , because o f separation the adverse pressure gradient becomes less severe and approaches zero. If a boundary-layer method predicted separation, somewhat late separation would not be predicted at all, and gradually the method would converge toward flat-plate results because o f t h e final constancy o f t h e pressure. Figure 3 illustrates the effect. Separation is not really predicted, b u t there i s a clear a n d well-defined minimum i n skin friction.
I f t h e experimental pressure distribution i s extrapolated following 'potential theory as in Fig. 2 , then separation i s predicted b y t h e C S method a s i n I n general, t h e agreement f o r both laminar a n d turbulent boundary layers seems to be quite satisfactory. Figure 5 shows the predicted separation points, together with the experimental points for Roshko's circular cylinder, 12 for two diameter Reynolds numbers R D = 6.7 x 10 5 and 8.4 x 10 6 that are within the so-called "supercritical" and "transcritical" Reynolds number ranges.
Results of Roshko's Circular Cylinder
According to Roshko, at R D = 6.7 x 10 5 a separation bubble exists for angles 100-120°. This can be inferred from t h e pressure distribution. However, i t i s difficult t o find the exact location of the reattachment point. Also, the turbulent separation point in this case must be very close to the reattachment point. Thus, the extent of attached turbulent flow i s probably very small, possibly 115-120°. , on the other hand, t h e laminar separation region i s much smaller a n d t h e extent o f t h e turbulent flow region i s fairly large, a s evident from the forward movement of the minimum pressure point and the smaller pressure peak. 6 it did not. In the latter case, F(x) was less than 0.2. However, when the velocity distribution was extrapolated (see Fig.  6 ) , then separation w a s predicted. Figure 6 shows the variation of shape factor for the experimental and extrapolated velocity distributions at R D = 8.4 x 10 6 . T h e calculations were made b y Head's method. A s expected with the extrapolated velocity distribution (which is similar t o inviscid velocity distribution), t h e shape factor quickly increases close to separation. On the other hand, with the experimental velocity distribution, the shape factor reaches a maximum and then starts to decrease. . The experimental separation point was given at 25.7 ± 0.2 ft. The predictions of all methods are quite good.
As shown in Fig. 8 , agreement between the CS method a n d experiment i s also very good f o r Newman's airfoil.
7
O n the other hand, the other methods predict a slightly early separation.
For the pressure distribution of Figs. 9-12, the experimental separation points were n o t given, b u t c a n b e inferred from t h e shape o f t h e pressure distribution.
T h e results show that, except a t very high angles o f attack, both boundarylayer methods predict separation a t approximately t h e same streamwise locations, and generally close to the characteristic "flattening" in the pressure distribution curves. Stratford's method predicts a slightly earlier separation than that given by the boundary-layer methods. On the other hand, Goldschmied's method shows results that a r e somewhat inconclusive, predicting early separation in some cases and late separation i n others.
Results for Axisymmetric Flows
For axisymmetric flows, Head's, Stratford's, and Goldschmied's methods cannot be used to predict the position of separation in their present form. For this reason, only t h e C S method w a s used t o predict t h e separation points i n such flows. Table 1 shows the results for the Murphy bodies. 18 The experimental separation points were obtained accurately b y the "dust" technique.
T h e calculated separation points were obtained by the CS method by extrapolating the skinfriction values t o zero.
T h e agreement i s excellent. Calculations were also made f o r a flow past t h e sphere o f 3-in. radius measured by Page 19 for R D = OA2xl0 6 by using the CS method. The experimental separation point was not given, but was inferred from the experimental pressure distribution at an angular location of 140° from the stagnation point. The calculated value is 131°.
Summary
Based o n t h e calculations shown i n this paper, a s well a s many more (both unreported, a n d i n Ref.
5 ) t h e following conclusions c a n b e made o n t h e accuracy o f calculating t h e turbulent boundary-layer separation on two-dimensional and axisymmetric bodies: 
1)
T h e location o f turbulent boundary-layer separation o n two-dimensional bodies c a n b e calculated quite satisfactorily b y t h e C S method, Head's method, a n d Stratford's method. Goldschmied's method is inconclusive. This is probably as a result of the very questionable assumption concerning t h e total pressure a t t h e edge o f t h e viscous sublayer.
T h e results indicate that both boundary-layer methods predict the point of separation at approximately the same location. However, in some cases the CS predictions agree better with experiment than Head's predictions. Stratford's method is slightly conservative in its prediction but, is very convenient for calculation purposes. 2) T h e location o f turbulent boundary-layer separation o n axisymmetric bodies c a n b e calculated quite accurately b y t h e C S method. Head's, Stratford's, a n d Goldschmied's methods in their present form are not applicable to such flows.
